Magnetic moment, vorticity-spin coupling and parity-odd conductivity of chiral fermions in 4-dimensional Wigner functions by Gao, Jian-huaShandong Provincial Key Laboratory of Optical Astronomy and Solar-Terrestrial Environment, Institute of Space Sciences, Shandong University, Weihai, Shandong, 264209, China & Wang, Qun(Interdisciplinary Center for Theoretical Study, Department of Modern Physics, University of Science and Technology of China, Hefei, Anhui, 230026, China)
Physics Letters B 749 (2015) 542–546Contents lists available at ScienceDirect
Physics Letters B
www.elsevier.com/locate/physletb
Magnetic moment, vorticity-spin coupling and parity-odd conductivity 
of chiral fermions in 4-dimensional Wigner functions
Jian-hua Gao a, Qun Wang b,c,∗
a Shandong Provincial Key Laboratory of Optical Astronomy and Solar-Terrestrial Environment, Institute of Space Sciences, Shandong University, Weihai, 
Shandong 264209, China
b Interdisciplinary Center for Theoretical Study and Department of Modern Physics, University of Science and Technology of China, Hefei, Anhui 230026, China
c Physics Department, Brookhaven National Laboratory, Upton, NY 11973-5000, USA
a r t i c l e i n f o a b s t r a c t
Article history:
Received 10 May 2015
Received in revised form 21 July 2015
Accepted 26 August 2015
Available online 29 August 2015
Editor: J.-P. Blaizot
We demonstrate the emergence of the magnetic moment and spin-vorticity coupling of chiral fermions 
in 4-dimensional Wigner functions. In linear response theory with space–time varying electromagnetic 
ﬁelds, the parity-odd part of the electric conductivity can also be derived which reproduces results of 
the one-loop and the hard-thermal or hard-dense loop. All these properties show that the 4-dimensional 
Wigner functions capture comprehensive aspects of physics for chiral fermions in electromagnetic ﬁelds.
© 2015 Published by Elsevier B.V. This is an open access article under the CC BY license 
(http://creativecommons.org/licenses/by/4.0/). Funded by SCOAP3.1. Introduction
Signiﬁcant progress has been made in understanding the dy-
namics of chiral fermions in electromagnetic ﬁelds. This is partic-
ularly interesting in high energy heavy ion collisions where very 
strong magnetic ﬁelds can be created. The magnetic ﬁelds are so 
strong that quarks can be polarized and their momentum direc-
tions are parallel or anti-parallel to the magnetic ﬁeld depending 
on quark chiralities and charges. Quarks with the same charge tend 
to move in the same direction. Any imbalance in the number of 
right-handed and left-handed quarks as a consequence of topo-
logical conﬁgurations of gauge ﬁelds may lead to such a charge 
separation effect which can be tested in experiments [1]. This is 
termed as the Chiral Magnetic Effect (CME) [2,3]. The Chiral Vorti-
cal Effect (CVE) is also an accompanying effect due to rotation in a 
relativistic and charged ﬂuid [4,5]. The interplay of chiral magnetic 
and chiral separation effects may lead to a phenomenon called the 
Chiral Magnetic Wave [6], whose vortical counter part is the Chiral 
Vortical Wave [7].
Kinetic theory is an important tool to describe these phenom-
ena in phase space of chiral fermions. The Abelian Berry potential 
takes an important role in 3-dimensions (3D) kinetic approach in 
accommodation of axial anomaly [8–10]. It has been shown that 
the CME, CVE and Covariant Chiral Kinetic Equation (CCKE) can be 
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4-dimensions (4D) in external electromagnetic ﬁelds [11,12]. The 
3D chiral kinetic equation [8–10] can be obtained from the CCKE 
by integrating out the zero component of the 4-momentum.
In the 3D chiral kinetic equation, it has been shown that the 
fermion energy is shifted by the interaction energy of magnetic 
moment with the magnetic ﬁeld [13]. The magnetic moment and 
spin of fermions have relativistic origin [14–16]. It is a natural 
conjecture that the magnetic moment should also emerge in the 
covariant quantum kinetic approach in 4D Wigner functions. In 
this paper, we will demonstrate the emergence of the magnetic 
moment as well as spin-vorticity coupling in the framework of 
covariant quantum kinetic theory based on 4D Wigner functions. 
We will also show that the parity-odd part of electric conductivity 
(chiral magnetic conductivity) can also be derived from 4D Wigner 
functions in linear response theory with space–time varying elec-
tromagnetic ﬁelds. The result reproduces the chiral magnetic con-
ductivity of one loop [17] and hard-thermal or hard-dense loop 
(HTL or HDL) [18,19] under proper approximations [13,20].
We adopt the same sign conventions for the fermion charge Q
and the axial vector component of the Wigner function as in Refs. 
[11,12,21].
2. Wigner functions for chiral fermions
In a background electromagnetic ﬁeld, the quantum mechan-
ical anologue of a classical phase-space distribution for fermions 
is the gauge invariant Wigner function Wαβ(x, p) which satisﬁes 
the equation of motion [21,22], 
(
γμKμ −m
)
W (x, p) = 0, where  BY license (http://creativecommons.org/licenses/by/4.0/). Funded by SCOAP3.
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4-vectors. For the constant ﬁeld strength Fμν , the operator Kμ is 
deﬁned by Kμ = pμ + i 12∇μ with ∇μ = ∂μx − Q Fμν∂ pν . The Wigner 
function can be decomposed into 16 independent generators of 
Clifford algebra, whose coeﬃcients F , P , Vμ , Aμ and Sμν are 
the scalar, pseudo-scalar, vector, axial-vector and tensor compo-
nents of the Wigner function respectively. For massless or chiral 
fermions, the equations for Vμ and Aμ are decoupled from other 
components of the Wigner function.
3. Formal solution to quantum kinetic equations
For chiral (massless) fermions, we can rewrite the equations for 
Vμ and Aμ into those for right-handed (s = +) and left-handed 
(s = −) vectors J sμ(x, p),
pμJ sμ(x, p) = 0,
∇μJ sμ(x, p) = 0,
2s(pλJ ρs − pρJ λs ) = −	μνλρ∇μJ sν , (1)
where J sμ(x, p) are given by
J sμ(x, p) =
1
2
[Vμ(x, p) + sAμ(x, p)]. (2)
One can derive a formal solution of J sμ in Eq. (1) by a perturba-
tion method in powers of ∇μ and Fμν . The solutions at the zeroth 
and ﬁrst order were given by Refs. [11,12] and can be cast into the 
following form,
J
ρ
(0)s(x, p) = pρ f sδ(p2),
J
ρ
(1)s(x, p) = −
s
2
˜ρβ pβ
dfs
dp0
δ(p2) − s
p2
Q F˜ρλpλ f sδ(p
2), (3)
where p0 ≡ u · p with uμ being the ﬂuid velocity, and f s are dis-
tribution functions of chiral fermions deﬁned by
f s(x, p) = 2
(2π)3
[(p0) f F (p0 − μs) + (−p0) f F (−p0 + μs)] .
(4)
Here f F (y) ≡ 1/[exp(β y) + 1] is the Fermi–Dirac distribution 
function, and β = 1/T and μs are the temperature inverse and 
the chemical potential of chiral fermions with chirality s re-
spectively. We can decompose μs into the scalar and pseudo-
scalar parts, μs = μ + sμ5. We have used the following formula, 
F˜ρλ = 12	ρλμν Fμν , ˜ξη = 12	ξηνσνσ and νσ = 12 (∂νuσ − ∂σ uν), 
where 	μνσβ and 	μνσβ are anti-symmetric tensors with 	μνσβ =
1(−1) and 	μνσβ = −1(1) for even (odd) permutations of in-
dices 0123, so we have 	0123 = −	0123 = 1. Instead of νσ , 
˜ξη , Fμν and F˜ρλ , we will also use the vorticity vector ωρ =
1
2	
ρσαβuσ ∂αuβ , the electric ﬁeld Eμ = Fμνuν , and the magnetic 
ﬁeld Bμ = 12	μνλρuν Fλρ .
4. Magnetic moment and energy shift
In this section we will derive the magnetic moment and en-
ergy shift from the formal solution of the Wigner function (3). To 
this end we assume that the chemical potential μs depends on 
space–time and 3-momentum. For convenience, we will focus on 
the electromagnetic term in this section and turn off the vortical 
term. The vortical term will be investigated separately in the next 
section.If μs does not depend on the 3-momentum, from Eq. (3), we 
obtain the fermion number current jρs (the electric current should 
be Q jρs ),
jρs (x) =
∫
d4pJ ρs (x, p) = n(0)s uρ + σ (0)χ,s Bρ, (5)
where σ (0)χ,s = sQ μs4π2 is the parity-odd part of the conductivity in 
the static limit for chiral fermions with chirality s. Since f s(x, p)
does not depend on 3-momentum, the momentum integral involv-
ing J ρ(0)s is non-vanishing only along the ﬂuid velocity u
ρ , so one 
can just make replacement pρ → p0uρ . Here n(0)s is the fermion 
number density of a non-interacting gas of chiral fermions. For 
simplicity of notation, we will work in the local rest frame of a 
ﬂuid cell with uμ = (1, 0, 0, 0), then we have Ep = |p|. We will 
use the velocity on-shell vector vρ = (1, v) with the 3-velocity 
v = p/Ep .
In order to extract the magnetic moment and its energy shift, 
we can extend our previous scenario by assuming that μs de-
pends on the 3-momentum since the energy shift from the mag-
netic moment can be grouped into the effective chemical poten-
tial, while the magnetic moment of a chiral fermion is propor-
tional to its spin which is polarized along its momentum. We 
can write the chemical potential into the sum of a constant part 
and a (x, p)-dependent part, μes (x, p) ≈ μs + Wes (x, p), where μs
do not depend on x and p, and e = ±1 denote positive/nega-
tive energy corresponding to fermions (e = +) and anti-fermions 
(e = −). The quantities Wes (x, p) can be further decomposed as 
Wes (x, p) = W (x, v) + se2Ep W5(x, v), where the introduction of the 
factor 1/(2Ep) in the second term is to make W5 depends on v
only. Note that our deﬁnitions of μ5, W and W5 can be matched 
to those in Ref. [20] up to constants. In this Letter, we will not use 
the speciﬁc form of μes (x, p) except its formal dependence on e, s, 
x and p.
With μes (x, p), f s(x, p) in Eq. (4) now becomes
f s(x, p) = 2
(2π)3
∑
e=±1
(ep0) f F [ep0 − eμes (x, ep)]. (6)
Note that there is a minus sign (e = −1) in front of p in the 
anti-fermion sector. So the fermion number 4-current jρs (x) can 
be obtained by integrating J ρs (x, p) in Eq. (3) over 4-momentum 
with f s given by Eq. (6). The fermion number density can be de-
rived in Appendix A and be put into a compact form
ns =
∫
d3p
(2π)3
∑
e=±1
ef F [Ep − eμes (x,p)]
+
∫
d3p
(2π)3
1
2E2p
sQ (v · B)
∑
e=±1
ef F [Ep − eμes (x,p)]
−
∫
d3p
(2π)3
1
2E2p
EpsQ (v · B) d
dEp
∑
e=±1
ef F [Ep − eμes (x,p)]
≈
∫
d3p
(2π)3
√
γ
∑
e=±1
ef F [E ′p − eμes (x,p)], (7)
where 
√
γ ≡ (1 + sQ ap · B) is the phase-space measure with the 
Berry curvature ap = 12E2p v, and E
′
p = Ep(1 − sQ ap · B) is the ef-
fective energy. So from E ′p we can read out the energy shift and 
magnetic moment of chiral fermions,
EB = −μm · B (8)
μm = g
eQ
S= sQ v (9)2|p| 2|p|
544 J.-h. Gao, Q. Wang / Physics Letters B 749 (2015) 542–546where S = 12 esv and g = 2 are the spin and g-factor of charged 
chiral fermions respectively. For e = s = + or e = s = − (positive 
energy and right-hand chirality or negative energy and left-hand 
chirality), S = 12v (positive helicity), otherwise S = − 12v (negative 
helicity). However μm only depends on chirality and charge of pos-
itive energy fermions. For s = Q = + or s = Q = − (positive chiral-
ity and positive charge or negative chirality and negative charge), 
μm is parallel to p, otherwise it is anti-parallel to p. We also see 
the emergence of the phase-space measure 
√
γ , which is not sur-
prising since we have already shown this in Ref. [12]. What is new 
is the emergence of the magnetic moment and energy shift in our 
Lorentz covariant kinetic approach although superﬁcially there is 
no such terms in the distribution function f s in Eq. (6). We then 
reproduce the results of Son and Yamamoto [13,20,23].
5. Energy shift from spin-vorticity coupling
We now consider the vorticity term in the Wigner function 
J
ρ
(1)s in Eq. (3). The fermion number current from vorticity term 
is given by
jρ(1)s(x)
= − s
2
∫
d4p˜ρβ pβ
dfs
dp0
δ(p2)
= s 1
4π2
(
π2
3
T 2 + μ2s
)
ωρ
+ uρ
∫
d3p
(2π)3
∑
e=±1
(−es
2
ω · v)e d
dEp
f F [Ep − eμes (x,p)],
(10)
where the ﬁrst term (∼ ωρ ) gives the CVE coeﬃcient, while the 
second term ∼ uρ provides the correction to the fermion number 
density from the spin-vorticity coupling energy. Note that these 
two terms are orthogonal to each other since u · ω = 0, so there is 
no correction to the CVE coeﬃcient at this level from the second 
term. We note that there are a few arguments about the temper-
ature dependent part of the CVE coeﬃcient such as its origin and 
whether there are corrections from high order terms [24–26]. The 
uρ part of jρs(1) in Eq. (10) gives the vorticity contribution to ns
in Eq. (7). So the spin-vorticity energy shift can be read out from 
Eq. (10),
Eω = −1
2
es(ω · v) = −ω · S, (11)
where ω is the vorticity 3-vector. From the energy density one can 
also derive the correction from the vorticity term of J ρ
(1)s ,
	s(1) =
∫
d3p
(2π)3
Ep
∑
e=±1
(−es
2
ω · v) d
dEp
f F [Ep − eμes (x,p)].
(12)
One can also read out the same energy shift Eω from the spin-
vorticity coupling as (11).
Combining Eq. (8) and (11), we obtain the total effective en-
ergy with energy shifts from the magnetic moment and the spin-
vorticity coupling,
E ′p = Ep − μm · B− ω · S. (13)
We see the emergence of the magnetic moment and the spin-
vorticity coupling from the Wigner function solution (3).6. Parity-odd electric conductivity
We can calculate the parity-odd part of the electric conductivity 
or chiral magnetic conductivity, σχ (ω, k), from the Wigner func-
tion solution (3) as the result of expansion in ∇μ = ∂μx − Q Fμν∂ pν , 
where we assume that ∂μx ∼ (ω, k) is of the same order as Fμν . 
This is valid for small ω and |k|. For ﬁnite values of ω and |k|, 
a more rigorous way is to carry out the expansion of linear re-
sponse in space–time varying ﬁelds only and regard ∂μx ∼ (ω, k)
as O (1) quantities. In this case, one should solve a different set of 
equations with similar structure to Eq. (1) but with replacements 
pμ → pμ − 12 Q j1
(
1
2
)
Fμν∂ pν and ∇μ → ∂μx − Q j0
(
1
2
)
Fμν∂ pν , 
where  ≡ ∂x ·∂p and ∂x acts only on Fμν but not on distributions. 
Here j0(y) = sin(y)/y and j1(y) = (sin y − y cos y)/y2 are spher-
ical Bessel functions. The solution to the leading equations is still 
J
ρ
(0)s = pρ f s(p)δ(p2), same as in Eqs. (3), (4) except that f s(p)
does not depend on x because J ρ
(0)s should satisfy ∂
x
μJ
μ
s(0) = 0. 
We refer the readers to Appendix B for the details of Wigner equa-
tions and its solutions in this case.
As shown in Appendix B, the parity-odd part of the Wigner 
functions in k = (ω, k) representation which linearly depends on 
ﬁelds can be written in the following form
J s(1)μ(k, p)
= −i sQ
2p · k	μνρσk
ν pσ Aρ(k) j0
(
1
2

)
(k · ∂p)[ f sδ(p2)]
= i sQ
2p · k	μνρσk
ν pρ Aσ
{
f s
(
p + 1
2
k
)
δ
[(
p + 1
2
k
)2]
− f s
(
p − 1
2
k
)
δ
[(
p − 1
2
k
)2]}
, (14)
where we have used  = −ik · ∂p , j0
(
1
2
)
(k · ∂p) = 2i sin
(
1
2
)
and exp
(
1
2k · ∂p
)
f sδ(p2) = f s
(
p + 12k
)
δ
[(
p + 12k
)2]
. We can 
obtain the 3-vector current by integration over 4-momentum for 
the spatial component of J s(1)μ , i.e. j
i
s(ω, k) = − 
∫
d4pJ s
(1),μ=i . 
We can then read out σ sχ (ω, k) which is just the one-loop result, 
Eq. (36) of Ref. [17],
σ sχ (ω,k) =
sQ
16π2
k2 − ω2
|k|3
∫
d|p| [ f F (|p| − μs) − f F (|p| + μs)]
[
(2|p| − ω) ln (ω − |p|)
2 − (|p| + |k|)2
(ω − |p|)2 − (|p| − |k|)2
+ (2|p| + ω) ln (ω + |p|)
2 − (|p| + |k|)2
(ω + |p|)2 − (|p| − |k|)2
]
. (15)
If we assume that external frequency and momentum are much 
smaller than internal momentum, ω, |k| 
 |p|, we can reproduce 
the HTL or HDL result [13,20],
σ
HTL/HDL
χ (ω,k) = σ (0)χ
(
1− ω
2
|k|2
)[
1− ω
2|k| ln
ω + |k|
ω − |k|
]
, (16)
where we have used σ (0)χ = σ (0)χ,R + σ (0)χ,L = 12π2 Qμ5. By includ-
ing ﬁnite damping rate into fermionic propagators the non-
commutativity of the static limit ω → 0 and |k| → 0 can be 
removed [23].
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We have investigated properties of chiral fermions in electro-
magnetic ﬁelds in covariant quantum kinetic theory based on 4D 
Wigner functions. We have shown that the energy shifts of chiral 
fermions from the magnetic moment and the spin-vorticity cou-
pling emerge from the Wigner function solutions derived from our 
previous works. We have also calculated the parity-odd electric 
conductivity in linear response theory and reproduced the results 
of one-loop and HTL/HDL. All these properties, together with previ-
ous ﬁndings, show that the 4D Wigner functions capture compre-
hensive aspects of physics for chiral fermions in electromagnetic 
ﬁelds.
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Appendix A. Derivation of Eq. (7)
In the case with momentum dependent chemical potential 
μes (x, p), the zeroth order term of j
ρ
s which corresponds to J
ρ
(0)s
in Eq. (3) can be derived as
jρ(0)s(x)
=
∫
d4pfs(x, p)p
ρδ(p2)
=
∫
d3p
(2π)3
[
(uρ + v˜ρ) f F (Ep − μ+s (x,p))
+ (−uρ + v˜ρ) f F (Ep + μ−s (x,−p))
]
=
∫
d3p
(2π)3
vρ
[
f F (Ep − μ+s (x,p)) − f F (Ep + μ−s (x,p))
]
.
(A.1)
In the above equation, we have substituted f s(x, p) of Eq. (6), used 
δ(p2) = 12Ep [δ(p0 − Ep) + δ(p0 + Ep)], and carried out the integral 
over p0. We have used the notation v˜ρ ≡ (0, v) with v ≡ p/Ep =
p/|p|. From the second to the third equality, we have changed the 
integral variable p → −p for the second term (the negative energy 
sector) inside the square brackets.
The ﬁrst order term of jρs corresponding to the electromagnetic 
part of J ρ(1)s in Eq. (3) can be written as
jρ(1)s(x) = sQ F˜ρλ
∫
d4pfs(x, p)pλδ
′(p2)
= s
2
Q F˜ρλ
∫
d4pfs(x, p)
pλ
p0
d
dp0
δ(p2)
= − s
2
Q F˜ρλ
∫
d4p
d
dp0
[
f s(x, p)
pλ
p0
]
δ(p2)
+ s Q F˜ρλ
∫
d4p
d
[
f s(x, p)
pλ
δ(p2)
]
2 dp0 p0= − s
2
Q F˜ρλ
∫
d4p
[
pλ
p0
· dfs(x, p)
dp0
− f s(x, p) p˜λ
p20
]
δ(p2).
(A.2)
In the ﬁrst equality we have used the identities δ′(p2) ≡
d
dp2
δ(p2) = − 1
p2
δ(p2) and d
dp2
δ(p2) = d
dp20
δ(p2). From the third 
to the fourth equality, we have dropped the integral of complete 
derivative since f s(x, p)
pλ
p0
δ(p2) → 0 at the boundaries p0 → ±∞. 
In the last equality we have used the notation p˜λ = (0, p). In order 
to further simplify Eq. (A.2), we will use
dfs(x, p)
dp0
= 2
(2π)3
[
(p0)
d
dp0
f F (p0 − μ+s (x,p))
− (−p0) d
d(−p0) f F (−p0 + μ
−
s (x,−p))
]
(A.3)
where we have neglected derivatives of (±p0) because they van-
ish when combining with δ(p2). Inserting Eqs. (6), (A.3) into the 
last equality of Eq. (A.2), we obtain
jρ
(1)s(x) = −
s
2
Q F˜ρλ
∫
d3p
(2π)3Ep
[
(uλ + v˜λ)df F (Ep − μ
+
s (x,p))
dEp
+ (−uλ + v˜λ)df F (Ep + μ
−
s (x,−p))
dEp
]
+ s
2
Q F˜ρλ
∫
d3p
(2π)3E2p
v˜λ
[
f F (Ep − μ+s (x,p))
+ f F (Ep + μ−s (x,−p))
]
= − s
2
Q
∫
d3p
(2π)3Ep
F˜ρλvλ
[
df F (Ep − μ+s (x,p))
dEp
− df F (Ep + μ
−
s (x,p))
dEp
]
+ s
2
Q
∫
d3p
(2π)3E2p
F˜ρλ v˜λ
[
f F (Ep − μ+s (x,p))
− f F (Ep + μ−s (x,p))
]
, (A.4)
where we have changed in the second equality the integral vari-
able p → −p for the second terms (sectors of negative energy) 
inside square brackets, and we have also used vλ = uλ + v˜λ .
From Eqs. (A.1), (A.4), we can obtain the fermion number 
density by contraction of the ﬂuid velocity uρ and j
ρ
s = jρ(0)s +
jρ(1)s , ns = uρ jρs (x), which gives Eq. (7) by using uρ v˜ρ = 0 and 
uρ F˜ρλvλ = uρ F˜ρλ v˜λ = B · v.
Appendix B. Wigner functions in space–time varying 
electromagnetic ﬁelds
We have discussed in Sections 2 and 3 that Eq. (1) holds for the 
constant ﬁeld strength Fμν . For space–time varying Fμν , it takes 
the general form (see Eqs. (5.12–5.21) of Ref. [21]),
μJ sμ = 0,
GμJ sμ = 0,
2s(μJ νs − νJ μs ) = −	μνρσ GρJ sσ . (B.1)
The operators μ and Gμ now replace pμ and ∇μ in Eq. (1) re-
spectively,
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2
j1
(
1
2

)
Q Fμν∂ pν ,
Gμ = ∂μx − j0
(
1
2

)
Q Fμν∂ pν . (B.2)
Note that ∂x acts only on Fμν but not on other functions to its 
right. For constant Fμν , we recover μ = pμ and Gμ = ∇μ by 
using j0(0) = 1 and j1(0) = 0.
The solution to Eq. (B.1) can be found by perturbation in ﬁelds. 
To the ﬁrst order, we can formally write
J
μ
s = J μ(0)s +J μ(1)s. (B.3)
The zeroth order equations read
pμJ s(0)μ = 0,
∂
μ
x J
s
(0)μ = 0,
2s[pμJ ν(0)s − pνJ μ(0)s] = −	μνρσ ∂xρJ s(0)σ , (B.4)
whose solution is in the same form as the ﬁrst line of Eq. (3) ex-
cept that f s does not depend on x here due to ∂
μ
x J
s
(0)μ = 0. The 
ﬁrst order equations read,
pμJ s(1)μ −
1
2
j1
(
1
2

)
Q Fμν∂ pν J
s
(0)μ = 0,
∂
μ
x J
s
(1)μ − j0
(
1
2

)
Q Fμν∂ pν J
s
(0)μ = 0,
−	μνρσ
[
∂
ρ
x J
σ
(1)s − j0
(
1
2

)
Q Fρλ∂ pλJ
σ
(0)s
]
= 2s[pμJ s(1)ν − pνJ s(1)μ]
+s
[
j1
(
1
2

)
Q Fνσ ∂
σ
p J
s
(0)μ − j1
(
1
2

)
Q Fμσ ∂
σ
p J
s
(0)ν
]
.
(B.5)
Contracting ∂νx with the third equation and using the second equa-
tion of Eq. (B.5), we arrive at
p · ∂xJ s(1)μ(x, p)
= pμ j0
(
1
2

)
Q Fρσ ∂ pσJ
s
(0)ρ
− 1
2
s	μνρσ ∂
ν
x
[
j0
(
1
2

)
Q Fρλ∂ pλJ
σ
(0)s
]
+ 1
2
Q ∂νx
[
j1
(
1
2

)(
Fνσ ∂
σ
p J
s
(0)μ − Fμσ ∂σp J s(0)ν
)]
.
(B.6)We can solve J s
(1)μ in momentum space by replacing ∂x → −ik
and  → −ik · ∂p . After a lengthy but straightforward calculation, 
we obtain
J s(1)μ(k, p)
= Q
p · k pμ[(p · k)(A · ∂p) − (p · A)(k · ∂p)] j0
(
1
2

)
[ f sδ(p2)]
− i sQ
2p · k	μνρσk
ν pσ Aρ j0
(
1
2

)
(k · ∂p)[ f sδ(p2)]
+ Q
4p · k [kμ(k · A) − k
2Aμ](k · ∂p) j0
(
1
2

)
[ f sδ(p2)]
+ i 1
2
Q [kμ(A · ∂p) − Aμ(k · ∂p)] j1
(
1
2

)
[ f sδ(p2)]. (B.7)
The second term is the parity-odd part and can be put into the 
form of Eq. (14).
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